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Abstract
In this contribution, we investigate limitations of the
minimum mean square error (MMSE) solution for sub-
band adaptive equalisers due to aliasing and error in
power complementarity. By deriving the Wiener solu-
tion for the subband equaliser and comparing it against
simulations, we verify that aliasing caused in the sub-
band decimation can be considered equivalent to chan-
nel noise. We discuss how these limitations can be mit-
igated by careful system design.
1. Introduction
Linear distortion in a communication channel caused
by multi-path propagation and limited bandwidth
leads to inter-symbol interference (ISI) at the receiver,
which in turn can result in a potentially considerable
bit error probability in the detection [1]. Fig. 1 shows
the arrangement of a channel c[n] as well as an equaliser
w[n] that is used to compensate for the distortion intro-
duced by the channel. Adaptive equalisers have been
widely employed to mitigate the e®ect of ISI and to
retrieve a transmitted signal u[n] from a distorted re-
ceived copy x[n] at the output of a channel c[n] in the
presence of channel noise v[n]. For minimum mean
square error (MMSE) equaliser, adaptive algorithms
can be employed to adjust the equaliser w[n] by min-
imising the error between the received signal y[n] and
a known training sequence in a suitable sense.
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Fig. 1. Block diagram with channel impulse re-
sponse c[n], channel noise v[n], and equaliser
w[n].
Adaptive equalisers based on subband decomposi-
tion methods have recently been demonstrated to ex-
hibit faster convergence speed at a lower computational
complexity than their fullband counterparts when long
equaliser responses w[n] are adapted by least mean
square (LMS) algorithms [2, 3]. In related adaptive
¯ltering applications, subband techniques have pre-
viously been proposed for echo cancellation applica-
tions [4, 5] where the achievable MMSE performance
has a lower limit imposed by the employed ¯lter bank
structure through aliasing in the subbands [6]. In this
paper we will investigate if similar limitations exist and
can be quanti¯ed for subband adaptive equalisers.
The paper is organised as follows. A review of sub-
band equalisation and oversampled modulated ¯lter
banks (OSFBs) to perform the decomposition into sub-
bands is presented in Sec. 2. The quality of OSFBs is
characterised by the alias level in the subbands, and
the power complementarity (PC) of the ¯lter bank
system. In Sec. 3 we hypothesise that aliasing has a
channel-noise-like regularisation e®ect on the subband
MMSE solution and subsequently derive the Wiener
solution for subband equalisers. In Sec. 4 we compare
this Wiener solution, based on aliased and unaliased
system components with simulation results, validating
our hypothesis. Sec. 5 investigates the in°uence of PC
on the MMSE solution. Sec. 6 discusses the impact of
this ¯nding in the context of equaliser performance as
well as its design. Finally, conclusions are drawn in
Sec. 7.
2. Subband Equaliser Structure
The schematic of a subband adaptive equaliser is shown
in Fig. 2. At the receiving end of the communications
system, the subband equaliser is trying to compensate
for the channel distortion by minimising the error e[n]
between the received signal x[n] and the training se-
quence d[n] which is delayed version of the transmitted
data u[n]. In the subband system, both signals x[n]
and d[n] are split into K subband signals decimated=
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Fig. 2. Subband adaptive equaliser structure.
by a factor of N by analysis ¯lter banks. The result-
ing subband signals xk[m] and dk[m] are used to adapt
the equaliser wk[m] independently in each correspond-
ing kth subband. By using an appropriate adaptation
algorithm, such as the LMS, the subband error ek[m]
can be minimised. Finally, a fullband output signal
y[n] can be reconstructed from the yk[m], k = 1(1)K,
by means of a synthesis ¯lter bank. In Fig. 2, instead of
y[n], the error signal e[n] is reconstructed in order to as-
sess the fullband performance of the subband equaliser.
Oversampled modulated ¯lter banks with a decima-
tion of N < K are used for subband adaptive equalisa-
tion such that aliasing is restricted to the stopband of
the analysis ¯lters and can therefore be controlled by
appropriate ¯lter bank design [6]. Analysis ¯lters hk[n]
and synthesis ¯lters gk[n] are derived from a real-valued
lowpass prototype FIR ¯lter p[n] by using a generalised
discrete Fourier transform (GDFT, [7]). An example
of the characteristic of such an analysis ¯lter bank is
given in Fig. 3.
In general there are two main criteria that should be
taken into consideration in designing the ¯lter banks.
First, aliasing occurs as the ¯lter bank output in Fig. 2
is decimated. Second, subband systems should have
perfect reconstruction (PR) or near PR property such
that the ¯lter banks impose no or only a negligible dis-
tortion on the overall system. The PR condition refers
to a concatenation of an analysis and a synthesis ¯lter
bank resembling a perfect delay [8]. If the alias level
in the various subbands is low enough, PR is ful¯lled
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Fig. 3. Magnitude response and arrangement of
bandpass ¯lters for K = 8 and N = 7 for GDFT
modulated ¯lter banks, only showing half the
bands covering the spectrum [0;¼].
if the ¯lter bank system is PC, i.e. the ¯lter charac-
teristics such as shown in Fig. 3 yield a °at overall
spectrum. Consequently, the ¯nite stopband attenua-
tion and inaccuracies of the ¯lter banks are likely to
introduce limitations for the MMSE solution of a sub-
band equaliser, which will be further explored in the
following sections.
3. Wiener Solution
In this section, the Wiener solutions for fullband and
subband equalisers will be presented where the latter
is derived in order to investigate the e®ect of aliasing
on the optimum MMSE solution of the subband sys-
tem. For conventional fullband equaliser, it is known
that the equaliser's ability to combat ISI is limited by
the channel noise v[n] [1]. In reference to Fig. 1, ap-
plying the Wiener estimation of the transmitted signal
u[n] based on the noisy measurement x[n], the optimal
MMSE solution to w[n] is given by the Wiener ¯lter in
the frequency domain as [9]
Wopt(ej­) =
Puu(ej­) ¢ C¤(ej­)
Puu(ej­) ¢ jC(ej­)j2 + Pvv(ej­)
: (1)
This assumes that u[n] and v[n] are statistically in-
dependent. In our notation, Puu(ej­) and Pvv(ej­)
are the power spectral densities (PSDs) of u[n] and
v[n], respectively, and c[n] ±|² C(ej­) is the Fourier
transform of the channel impulse response. Note that
the fullband MMSE equaliser performance is in°uenced
through the regularisation term in (1) by the signal to
noise ratio (SNR) of the transmission system [10].
For the subband equaliser, we establish the hypoth-
esis that aliased signal components can be treated as
channel noise. In the kth subband, we adopt the model
depicted in Fig. 4. The sequences u[n] and v[n] cor-
respond to the outputs of source models f1;k[n] and
f2;k[n] which are excited by white Gaussian signal ofn c
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Fig. 4. Block diagram of Wiener ¯lter wopt;k[n]
for kth subband adaptive equaliser.
unit variance u0[n] and v0[n], respectively. The PDSs
of u[n] and v[n] can be written as
Puu(ej­) = jF1;k(ej­)j2 (2)
and
Pvv(ej­) = jF2;k(ej­)j2 (3)
since the PSDs Pu0u0(ej­) = Pv0v0(ej­) = 1, where
f1;k[n] ±|² F1;k(ej­) and f2;k[n] ±|² F2;k(ej­) de-
note the Fourier transforms of f1;k[n] and f2;k[n], re-
spectively.
The source model ck[n] de¯nes the decimated un-
aliased channel component in the kth subband, while
f1;k[n] holds the decimated passband and transition
bands of the kth analysis ¯lter hk[n] and any potential
colouring of u[n]. The unaliased signal contribution for
the kth subband is de¯ned by the spectral interval of
width 2¼=N, centred around the passband of the anal-
ysis ¯lter Hk(ej­) ²|± hk[n], and can be represented
as
F1;k(ej­) =
N¡1 X
n=0
Hk(ej(­¡2¼n)=N) ¢ Qk(ej(­¡2¼n)=N)
(4)
where Qk(ej­) is a rectangular window to extract the
spectral component of interest. The window is de¯ned
as
Qk(ej­) =
½
1; for ­c;k ¡ ¼
N < ­ ¡ 2¼i < ­c;k + ¼
N
0; elsewhere
(5)
where i 2 N and ­c;k is the centre frequency of the
passband of Hk(ej­).
Conversely, the source model f2;k[n] in the noise
path represents the aliased parts of the kth analysis
¯lter. The alias component can be expressed as
F2;k(ej­) =
N¡1 X
n=0
Hk(ej(­¡2¼n)=N)
¢
¡
1 ¡ Qk(ej(­¡2¼n)=N)
¢
(6)
extracting all the remaining spectral components in the
stopband of Hk(ej­). Having de¯ned the quantities in
Fig. 4, we can show that the subband equaliser Wiener
solution can be written in terms of (4) and (6) as
Wopt;k(ej­) =
jF1;k(ej­)j2 ¢ C¤
k(ej­)
jF1;k(ej­)j2 ¢ jCk(ej­)j2 + jF2;k(ej­)j2:
(7)
In order to reconstruct an equivalent fullband
Wiener ¯lter Wopt(ej­) from the K subband solutions
Wopt;k(ej­), the adders for the subband errors ek[m]
in Fig. 2 are swapped with the linear synthesis ¯lter
bank, resulting in the fullband reconstruction model in
Fig. 5.
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Fig. 5. Reconstruction of equivalent fullband
model from subband equaliser system.
The equivalent fullband ¯lter wopt[n] ±|² Wopt(ej­)
can be obtained by sending an impulse response ±[n]
through the series of analysis ¯lter bank, subband
Wiener solutions and synthesis ¯lter bank. Accord-
ingly, the reconstructed equivalent fullband solution
W(ej­) of any subband equaliser Wk(ej­) can be de-
rived.
4. Limitation due to Aliasing
The analytically derived Wiener solution de¯ned in the
previous section is compared with simulation results to
observe the e®ect of aliasing. Computer simulations
were based on the subband equaliser of Fig. 2 that
utilised the LMS algorithm for adaptation. E±cient
oversampled GDFT modulated ¯lter banks were em-
ployed for subband implementation [11]. The length
of equaliser w[n] was selected su±ciently adequate to
avoid limitations due to model truncation [12].
We consider two scenarios, whereby no channel noise
is added to isolated the limitations imposed by the sub-
band structure. The ¯rst scenario consists of a channel
impulse response de¯ned by its z-transform C1(z) =
0:292 + 0:360z¡1 + 0:756z¡2 + 0:360z¡3 + 0:292z¡4
in combination with a subband equaliser operating in
K = 4 subbands decimated by N = 3. The results
are depicted in Fig. 6. A second scenario is based
on a channel C2(z) = 0:192 + 0:476z¡1 + 0:688z¡2 +
0:476z¡3 + 0:192z¡4 in conjunction with a subband
equaliser in K = 8 subbands decimated by N = 7
with characteristics given in Fig. 3. The results are0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Fig. 6. Comparison between analytical and simu-
lated results of W(ej­) for channel C1(z), using
GDFT modulated ¯lters with K = 4 number of
subband and decimated by a factor of N = 3.
displayed in Fig. 7 where the subband edges are indi-
cated by the vertical lines.
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Fig. 7. Comparison between analytical and simu-
lated results of W(ej­) for channel C2(z), using
GDFT modulated ¯lters with K = 8 number of
subband and decimated by a factor of N = 7.
Fig. 6 shows a good agreement between the analyt-
ical calculation | Wopt(ej­) reconstructed from (7)
| and the simulation result | W(ej­) simulated |
for channel C1(z) with a clear deviation from the zero-
forcing (ZF) solution due to regularisation by aliasing.
In the absence of noise, the ZF equalisation result indi-
cated by the channel inverse is the optimum achievable
solution. A similar match between the Wiener solution
based on the hypothesis on aliasing and the simulated
results can be noted for channel C2(z) given in Fig 7,
where again the e®ect of regularisation due to aliasing
can be observed on Wopt(ej­). Therefore, we have ver-
i¯ed the validity of our hypothesis to treat aliasing as
channel noise by comparing the simulated answers with
the derived the Wiener solution for subband equalisers
as discussed in Sec. 3.
5. Limitation due to Error in Power
Complementarity
Non-perfect ¯lter banks employed in subband systems
will limit the steady-state performance of subband
adaptive equalisation. If the alias level is suppressed
below the channel spectral dynamic, an illustration of
error in power complementarity limitation on achiev-
able MMSE solution is shown in Fig. 8 (top) where
Wopt(ej­) failed to compensate the distortion caused
by channel C1(z). For comparison the channel inverse
is also plotted to indicate the optimum solution for the
noiseless channel. There are obvious notches in the
equaliser Wopt(ej­) at the band edges caused by the
guard bands of the non-perfect ¯lter banks. Note that
simulation result W(ej­) compares favourably with the
analytical derivation Wopt(ej­). The spectral charac-
teristic of the employed non-PR GDFT modulated ¯l-
ter banks is depicted in Fig. 8 (bottom).
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Fig. 8. (top) Comparison between analytical and
simulated results of W(ej­) for channel C1(z), us-
ing non-PR GDFT modulated ¯lter banks. (bot-
tom) Magnitude response and arrangement of
bandpass ¯lters with K = 8 number of subband
and decimated by a factor of N = 7, only showing
half the bands covering the spectrum [0;¼].6. Discussion
The performance of subband adaptive equalisers is lim-
ited by aliasing as well as errors in power complemen-
tarity. Speci¯cally, we have shown the limitations on
the optimum MMSE solution of subband system as pre-
sented in previous sections.
We established a hypothesis that the subband equa-
liser's performance is limited by aliasing in a way that
noise would degrade its performance and derived the
Wiener solution for such system. Results from both an-
alytical derivation and computer simulation have veri-
¯ed this hypothesis. Aliasing can be considered equi-
valent to channel noise, which permits to quantify its
e®ect on the optimum solution. In absence of channel
noise, the alias level should be lower than the channel
spectral dynamic. Nevertheless, in a real application,
the equaliser would be prone to true channel noise and
consequently the regularisation term would be in°u-
enced by both aliasing and noise. Therefore, as long as
the alias level of the subband equaliser remains below
the injected channel noise, no MMSE limitations of the
subband equaliser with respect to a fullband system are
incurred. Thus, when designing a subband equaliser it
is important to select the ¯lter banks su±cient with
respect to the channel SNR. Vice versa, the ¯lter de-
sign only has to be good enough and therefore can be
traded-o® for, for example, low delay properties.
Limitations on the steady state performance are also
imposed by the use of non-PR ¯lter banks. For the sake
of completion, the e®ect of errors in power complemen-
tarity on the MMSE equaliser has been illustrated in
Sec. 5 where the results from both analytical deriva-
tion and simulation were plotted. Hence, the subband
adaptive equaliser must employ PR or near-PR ¯lter
banks to ensure successful equalisation.
7. Conclusions
In this paper, we have demonstrated that the optimum
subband adaptive equaliser is limited by aliasing and
errors in power complementarity. The former is due to
decimation, which, as claimed in our hypothesis, can
be assumed to be equivalent to channel noise. Simu-
lation results con¯rmed the validity of this hypothesis
by deriving the Wiener solution with a regularisation
by aliasing. The use of PR ¯lter banks is mandatory
whilst the e®ect of aliasing should be minimised be-
low the channel SNR in order to guarantee satisfac-
tory performance of the subband system. This ¯nding
provides an important guideline for subband equaliser
design with respect to achieving su±cient performance
in a real situation.
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